Control points of a Bézier curve
approximating a small circular arc

Richard A DeVeneza, Nov 2004

Bernstein polynomial

Bézier-Bernstein curve

C(0)=3 P,B,,(1

Consider the expansion of a four point Bézier
C(t)=(1=1) Py+3t(1—t)’ P, +3¢*(1—1t) P,+1 P, )
C(t)=P,+3(P,—P,)t+3(P,—2P,+P,)t’+(P,—3P,+3P,—P,)t’

C(0)=P,
P

and its derivatives at zero and one
C'(1)==3(1—t)*Py+3(1—1t)(1-3¢)P,+3¢(2—-3t)P,+31* P, @
C'(t)=3(P,—P,)+6(P,—2P,+P,)t+3(P,—3P,+3P,—P,)t

C'(0)=3(P,=P,)
C'(1)=3(Py=P,)

This indicates segment P, P, istangetto C at P, ,asis P;P, at P, .

0
Consider aunitarc 4 of sweep 60 , <90° bisected by the x-axis. Let qb:E

Force the endpoints of C to the endpoints of 4 . Note the symmetry due to bisection.
x=cos(d)  x= cosld)  x= x -
yo=sin(¢) y;=—sin(¢) V3=V

Force the midtime of C to the midpoint of 4 .
p=d) sy pasdy (e p=(10) @
2/ 't 70 2727 71 A O

Substitute x; with x;, and y,with—y,

—X —|—§x +§x -l-lx:l ly +§y +§y +1y =0

g"" 8" 877 87’ g70 81 877 877
2xy+3x,+3x,=8 3y,+3»,=0
3x,=8—-2x,—3x, Ya==

(5)



Force slopes of end point tangents of C to coincide with those of A4

m _Yo mz:_xoz(yo_y1) X X = Yo Yo Py Koy =Ko Yim Yo yr=1 =y, y
Oxo 0 y() (-x()_xl) 0 0"1 0 01 01 0 0 01 01
(6)
m _)s mt:_x3:(y3_y2) = ey vy Xx=xi ey =1y
3 X3 3 y3 (x3_x2) 3 273 3 23 273 3 3 2.3 273
(")

In (7) substitute x,withx,, y;with—y,, and y,with—y, and contrast with (6)

4—x

XoX,=1—yyy,=xyx,, thus x,=x, and substituting in (5) gives x,= 3 0

In (6) substitute x, and multiply through by 3
xo(4=x,)=3=3y, ¥,
C3—xp(4—xy) (1—x)(3—x,)

Y=

3y, 30
In final:
0 .0
P, x0=cos(§) yozsm(a)
_4_xo _(l—xo)(3—x0)
P, x= =
3 3
P, x,=x Y=
Py x;=x, V3=

Use rotation, scaling and translation transformations on P to make the Bezier curve
approximate a circular arc of sweep 6 of an arbitrarily positioned and sized circle.



